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Introduction
Complexity science delves into inter-
connections among constituent enti-
ties. Advances in data storage and
analysis have spawned the interdisci-
plinary field of network science, where
complex systems’ building blocks are
nodes linked together [1]. A new fron-
tier has emerged: non-normal net-
works [2], characterized by a strong
non-normality in their adjacency ma-
trix AAT 6= ATA, and which are per-
vasive in real-world domains like biol-
ogy, ecology (neuronal, genetic, pro-
tein networks), and human-made sys-
tems (social, economic, communica-
tion networks) [2]. The project ex-
plores the interplay between topol-
ogy and spectral localization in
non-normal systems.

Research methods
We will describe the flow of mass
through the graph Laplacian L = A−
K where A which entry (i, j) equals 1 if
there is an edge pointing from the node
j to node i and zero otherwise and K
is the diagonal matrix where entries are
the number of the outgoing edges of the
nodes [1]. The localization will be de-
termined via the Inverse Participation
Ratio (IPR)
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Summary
Applying mathematical tools from data
science and dynamical systems, we in-
tend to analyze the localization prop-
erties of empirical networks, develop
structural measures that relate the hi-
erarchical level of nodes to such lo-
calization, and quantify the flow that
nodes distribute among them.

Structural properties of non-normal networks
Non-normal networks abound with leader nodes, which are nodes characterized by
having only incoming or outgoing edges [3]. Consider the food web illustrated in
Figure 1A, where biomass, initially produced at lower levels by species such as algae
or sawgrass, accumulates as it moves up the trophic levels. The position of each
individual within this food web, determined through millions of years of evolution
and competition, along with the associated biomass, reflects an individual’s sur-
vival prospects. This metaphor of a food web naturally extends to all non-normal
networks, where one can envision the flow of a certain quantity (referred to here as
"mass" for simplicity) that quantifies benefits or costs related to interacting individ-
uals or parts (nodes). We will use the term localization phenomenon to describe the
accumulation of mass on nodes, hypothetically representing the success or failure
of individuals in the game of life. The coexistence of multiple leader nodes,
resulting in multiple localized states, necessitates the development of a
novel Inverse Participation Ratio (IPR) measure.

Figure 1: A. Florida Everglades food web. B. Schematic representation of the non-
normal networks. A strong bottom-top hierarchical structure is evident.

Preliminary results: relation to dynamics
Localization has an immediate impact on the dynamical outcome of non-normal
networked systems. In Figure 2, we demonstrate the effect by showcasing a set of
coupled nonlinear oscillators of the Brusselator type: ẋi = 1 − (b + 1)xi + cx2

i yi +

Dx
∑
i Lijxj , ẏi = bxi − cx2

i yi + Dy
∑
i Lijyj , ∀i where i denotes the oscillator

index. This system yields an amplitude chimera state—a pattern in which groups
of coherent oscillators coexist with groups of incoherent ones [4].

Figure 2: A. The matrix with columns the Laplacian eigenvectors and where the
magenta rectangle shows the critical eigenvector. B. The colormap representation of the
coupled oscillators dynamics evolution. Here K is the diagonal matrix of incoming edges.
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An optimization framework for combatting 
the U.S. substance use epidemic

• Additional treatment centers are needed to combat
the substance use disorder (SUD) epidemic in the U.S.,
but unclear which communities should be prioritized

• Using mathematical optimization to guide treatment
investment can both reduce overdose deaths and
increase fairness in treatment access

Predicted change in overdose deaths and treatment inequality 
under status quo (---) versus optimization (---, ---, ---)

• Distributing new centers 
evenly across counties 
reduces SUD deaths (left), 
but worsens access 
inequality (right)

• Optimization reduces 
deaths (left) and reduces 
inequality (right) Optimization can place high, medium, or low

emphasis on treatment inequality.

Example recommendation for California 

Current
centers/100k

Additional
centers/100k

New
centers/100k

Prioritizes rural counties 
with few centers

(reduces inequality)…

…and high-population counties 
with above-average death rates

(reduces death rates)
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Bayesian inference for quantile-optimal dynamic treatment regimes in clinical research

Indrabati Bhattacharya
Department of Statistics, Florida State University, Tallahassee, FL 32304, USA 

•   A dynamic treatment regime (DTR) is a sequence of longitudinal 
treatment assignments specific to an individual patient based on 
their past treatment and clinical history.

• Most statistical methods for estimation of the optimal DTR aims to 
produce the highest mean health outcome; which can yield poor 
predictive performance if the outcome distribution is skewed, or 
contains outliers.

• Also, in many real-life examples, the tails of the outcome 
distribution are of direct interest.

• Hence, to identify the optimal treatment for individuals 
above/below certain quantile/percentile of interest, this research 
focuses on estimation and inference of quantile-optimal DTRs.

Introduction

Bayesian Q-learning model
•  Estimation of the optimal DTR at the desired quantile level begins 

at the last stage.
• Next, the optimal treatment at each interval is obtained by 

optimizing the “pseudo-outcome” at that interval; which is 
constructed under the assumption that all the subsequent 
treatments have been chosen optimally.

• The pseudo-outcome is the predicted counterfactual outcome 
under the quantile-optimal treatment in the future stages.

• At each stage, the conditional distribution of the pseudo-outcome 
given the treatment and covariate history up to that stage is 
modeled using a Dirichlet process mixture (DPM) model.  

• This Bayesian modeling approach allows us to incorporate relevant 
prior information about the conditional distribution of the 
outcome, as well as to quantify the uncertainty in estimation 
through the posterior distribution.

• The estimated optimal DTR yields satisfactory predictive 
performance; as shown through extensive simulation studies.                           

Analysis of BMI dataset
• We apply the proposed method on a two-stage randomized clinical 

trial that studied the effect of meal replacement shakes on 
adolescent obesity.

• At each stage, each individual is assigned to one of the two 
randomized treatments.

• Four baseline covariates are available: gender, race, BMI of parent, 
and BMI at baseline. At the second stage, BMI at 4th month is 
collected.

• The outcome of interest is the BMI at the end of 12 months.
• We study the optimal DTR at three quantile levels: 0.5, 0.25 and 

0.75.

Takeaways and Future Direction
• We developed a Bayesian Q-learning based approach for 

estimation and inference of quantile-optimal DTRs.
• Use of the DPM model allows us to model the conditional 

distribution of the outcome in a flexible, nonparametric manner.
• An interesting future direction is to try other covariate adjustment 

methods: Marginal structural models, G-computation, etc.
• We also need to compare the performance of the proposed 

Bayesian approach to its existing frequentist counterparts.
• The method should be explored in exciting real-life clinical data.
ib22g@fsu.edu
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Results from BMI dataset
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25th (red), 50th (black) and 75th (green) percentiles of the 12-month BMI under the 
optimal Stage-2 treatment, for patients assigned to treatment “0” at the first 
stage.

25th (red), 50th (black) and 75th (green) percentiles of the 12-month BMI under 
the optimal Stage-2 treatment, for patients assigned to treatment “1” at the first 
stage.

25th (red), 50th (black) and 75th (green) percentiles of the 12-month BMI under 
the optimal Stage-1 treatment.
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